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NEAT-FLAT MODULES
ENGIN BU¨YU¨KAS¸IK AND YILMAZ DURG˘UN
Abstract. Let R be a ring andM be a right R-module. M is called neat-flat if any short
exact sequence of the form 0→ K → N →M → 0 is neat-exact i.e. any homomorphism
from a simple right R-module S to M can be lifted to N . We prove that, a module is
neat-flat if and only if it is simple-projective. Neat-flat right R-modules are projective
if and only if R is a right
∑
-CS ring. Every finitely generated neat-flat right R-module
is projective if and only if R is a right C-ring and every finitely generated free right R-
module is extending. Every cyclic neat-flat right R-module is projective if and only if R
is right CS and right C-ring. Some characterizations of neat-flat modules are obtained
over the rings whose simple right R-modules are finitely presented.
1. Introduction
Throughout, R is an associative ring with identity and all modules are unitary right
R-modules. For an R-module M , M+, E(M), Soc(M) will denote the character module,
injective hull, the socle of M , respectively. A subgroup A of an abelian group B is called
neat in B if pA = A∩pB for each prime integer p. The notion of neat subgroup generalized
to modules by Renault (see, [22]). Namely, a submodule N of R-module M is called
neat in M , if for every simple R-module S, every homomorphism f : S → M/N can
be lifted to a homomorphism g : S → M . Equivalently, N is neat in M if and only if
Hom(S, g) : Hom(S,M) → Hom(S,M/N) is an epimorphism for every simple R-module
S. Neat submodules have been studied extensively by many authors (see, [1], [11], [17],
[27], [28]). An R-module M is called m-injective if for any maximal right ideal I of R,
any homomorphism f : I → M can be extended to a homomorphism g : R → M (see,
[8], [17], [20], [26], [29], [31]). Note that, m-injective modules are called max-injective in
[29]. It turns out that, a module M is m-injective if and only if Ext1R(R/I,M) = 0 for any
maximal right ideal I of R if and only if M is a neat submodule in every module containing
it i.e. any short exact sequence of the form 0 → M → N → L → 0 is neat-exact (see,
[8, Theorem 2]). A ring R is a right C-ring if for every proper essential right ideal I of R,
the module R/I has a simple module, (see, [23]). Any right semiartinian ring is a C-ring,
and a domain is a C-ring if and only if every torsion R-module contains a simple module.
By [26, Lemma 4], R is a right C-ring if and only if every m-injective module is injective.
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Motivated by the relation between m-injective modules and neat submodules, we in-
vestigate the modules M , for which any short exact sequence ending with M is neat-
exact. Namely, we call M neat-flat if for any epimorphism f : N → M , the induced map
Hom(S, N)→ Hom(S,M) is surjective for any simple right R-module S.
In [16], a right R-module M is called simple-projective if for any simple right R-module
N , every homomorphism f : N → M factors through a finitely generated free right
R-module F , that is, there exist homomorphisms g : N → F and h : F → M such
that f = hg. Simple-projective modules and a generalization of these modules have been
studied in [16] and [21], respectively. By using simple-projective modules, the authors,
characterize the rings whose simple (resp. finitely generated) right modules have pro-
jective (pre)envelope in the sense of [32]. Clearly, projective modules and modules with
Soc(M) = 0 are simple-projective. Also, a simple right R-module is simple-projective if
and only if it is projective. Hence, R is a semisimple Artinian ring if and only if every
right R-module is simple-projective (see, [16, Remark 2.2.]).
The paper is organized as follows.
In section 3, we prove that, a right R-module M is neat-flat if and only if M is simple-
projective (Theorem 3.2). The right socle of R is zero if and only if neat-flat modules
coincide with the modules that have zero socle (Proposition 3.3). We also investigate the
rings over which neat-flat modules are projective. Namely, we prove that, (1) every neat-
flat module is projective if and only if R is a right
∑
-CS ring (Theorem 3.5); (2) every
finitely generated neat-flat module is projective if and only if R is a right C-ring and every
finitely generated free right R-module is extending (Theorem 3.6); (3) every cyclic right
R-module is projective if and only if R is right CS and right C-ring (Corollary 3.7).
In section 4, we consider neat-flat modules over the rings whose simple right modules
are finitely presented. In this case, the Auslander-Bridger tranpose of any simple right
R-module is a finitely presented left R-module. This fact is used to obtain several charac-
terization of neat-flat modules. Also, we examine the relation between the flat, absolutely
pure and neat-flat modules over such rings.
For the unexplained concepts and results we refer the reader to [2], [9], [30] and [32].
2. preliminaries
The class of neat-exact sequences form a proper class in the sense of [4]. This fact leads to
an important characterization of neat-flat modules (see, Lemma 3.1). This characterization
become crucial in the proof of the results in the present paper. In this section, we give
some definitions and results which are used in the sequel.
Let R be an associative ring with identity and P be a class of short exact sequences of
right R-modules and R-module homomorphisms. If a short exact sequence E : 0 → A
f
→
B
g
→ C → 0 belongs to P, then f is said to be a P-monomorphism and g is said to be a
P-epimorphism. A short exact sequence E is determined by each of the monomorphisms
f and the epimorphisms g uniquely up to isomorphism.
Definition 2.1. The class P is said to be proper (in the sense of Buchsbaum) if it satisfies
the following conditions [15]:
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P-1) If a short exact sequence E is in P, then P contains every short exact sequence
isomorphic to E .
P-2) P contains all splitting short exact sequences.
P-3) The composite of two P-monomorphisms is a P-monomorphism if this composite
is defined.
P-4) The composite of two P-epimorphisms is a P-epimorphism if this composite is
defined.
P-5) If g and f are monomorphisms, and g ◦ f is a P-monomorphism, then f is a
P-monomorphism.
P-6) If g and f are epimorphisms, and g ◦ f is a P-epimorphism. then g is a P-
epimorphism.
From now on, P will denote a proper class. A module M is called P-flat if every short
exact sequence of the form 0→ A→ B →M → 0 is in P.
For a class M of right R-modules, let τ−1(M) = {E | M ⊗ E exact for eachM ∈
M}, and π−1(M) = {E | Hom(M, E) is exact for eachM ∈ M}. Then the τ−1(M) and
π−1(M) are proper classes (see, [25]). The classes τ−1(M) and π−1(M) are called flatly
generated and projectively generated by M, respectively.
Theorem 2.2. [25, Theorem 8.1] Let M be a class of modules and E be a short exact
sequence. Then E ∈ τ−1(M) if and only if E+ ∈ π−1(M).
Let M be a finitely presented right R-module. Then there is an exact sequence γ :
P0
f
→ P1
g
→ M where P0 and P1 are finitely generated projective right R-modules. By
applying the functor (−)∗ = HomR(−, R) to this sequence, we get: 0 → HomR(M,R)
g∗
→
HomR(P0, R)
f∗
→ HomR(P1, R). If the right side of this sequence of left R-modules filled by
the module Trγ(M) := Coker(f
∗) = P ∗1 / Im(f
∗) then we obtain the exact sequence γ∗ :
P ∗0
f∗
→ P ∗1
σ
→ Trγ(M) → 0 where σ is the canonical epimorphism. For a finitely generated
projective R-module P , its dual P ∗ = HomR(P,R) is a finitely generated projective rightR-
module. So P ∗0 and P
∗
1 are finitely generated projective modules, hence the exact sequence
γ∗ is a presentation for the finitely presented right R-module Trγ(M) which is called the
Auslander-Bridger tranpose of the finitely presented R-module M , (see [3]).
Proposition 2.3. [25, Corollary 5.1] For any finitely presented right R-module M and any
short exact sequence E of right R-modules, the sequence Hom(M,E) is exact if and only if
the sequence E⊗ Tr(M) is exact.
Theorem 2.4. [25, Theorem 8.3] Let M be a set of finitely presented left R-modules.
Let Tr(M) = {Tr(M)|M ∈M}. Then we have π−1(M) = τ−1(Tr(M)) and τ−1(M) =
π−1(Tr(M)).
3. Neat-flat modules
By definition, the class of neat-exact sequences is projectively generated by the class of
simple right R-modules. Hence neat-exact sequences form a proper class. For the following
lemma we refer to [18, Proposition 1.12-1.13]. Its proof is included for completeness.
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Lemma 3.1. The following are equivalent for a right R-module M .
(1) M is neat-flat.
(2) Every exact sequence 0→ A→ B → M → 0 is neat exact.
(3) There exists a neat exact sequence 0→ K → F →M → 0 with F projective.
(4) There exists a neat exact sequence 0→ K → F →M → 0 with F neat-flat.
Proof. (1)⇒ (2)⇒ (3)⇒ (4) are clear.
(4) ⇒ (1) Let 0 → A→ B
g
→ M → 0 be any short exact sequence. We claim that g is
a neat epimorphism. By (4), there exists a neat exact sequence 0 → K → F
s
→ M → 0
with F neat-flat. We obtain a commutative diagram with exact rows
0 // A // B′
u

t
// F //
s

0
0 // A // B
g
// M // 0
in which the right square is a pullback diagram. Since F is neat-flat, t is a neat epimor-
phism. Then gu = st is a neat epimorphism by 2.1 P-4), and so f is a neat epimorphism
by 2.1 P-6). This completes the proof. 
Theorem 3.2. Let R be a ring and M be an R-module. Then M is simple-projective if
and only if M is neat-flat.
Proof. Suppose M is simple-projective and s : R(I) → M be an epimorphism. Let S be
simple right R-module and f : S → M be a homomorphism. As M is simple-projective f
factors through a finitely generated free module i.e. there are homomorphisms h : S → Rn
and g : Rn → M such that f = gh. Since Rn is projective, there is a homomorphism
t : Rn → R(I) such that g = st. We get the following diagram
Rn
g
!!❉
❉
❉
❉
❉
❉
❉
❉
t

S
f

h
oo
R(I)
s
// M
Then f = gh = sth, and so the induced map Hom(S, R(I)) → Hom(S, M) → 0 is sur-
jective. Therefore the sequence 0 → Ker s → R(I)
s
→ M → 0 is neat exact. Hence M is
neat-flat by Lemma 3.1(3).
Conversely, let M be a neat-flat module. Then there is a neat exact sequence 0→ K →
F
g
→ M → 0 with F free by Lemma 3.1. Let S be a simple module and f : S → M be
any homomorphism. Then there is a homomorphism h : S → F such that f = gh. As S is
finitely generated, h(S) ⊆ H for some finitely generated free submodule of F . Then we get
f = gh = (gi)h′ where i : H → F is the inclusion and h′ : S → H is the homomorphism
defined as h′(x) = h(x) for each x ∈ S. Therefore f factors through H , and so M is simple
projective. 
Let M be a right R-module with Soc(M) = 0. Then Hom(S, M) = 0 for any simple
right R-module S, and so M is neat-flat.
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Proposition 3.3. Let R be a ring and M be any R-module. The following are equivalent:
(1) Soc(RR) = 0.
(2) M is neat-flat right R-module if and only if Soc(M) = 0.
Proof. (1) ⇒ (2) Suppose M is a neat-flat right R-module. Then there is a neat exact
sequence 0 → K → P → M → 0 with P projective by Lemma 3.1. Then the sequence
HomR(S, P ) → HomR(S,M) → 0 is exact for any simple right R-module S. We have
Soc(P ) = 0 by (1). Then HomR(S, P ) = 0, and so Soc(M) = 0. The converse is clear.
(2)⇒ (1) Since every projective module is neat-flat, Soc(RR) = 0 by (2). 
Proposition 3.4. [16, Proposition 2.4]The class of simple-projective right R-modules is
closed under extensions, direct sums, pure submodules, and direct summands.
Recall that, a submodule N of a module M is called closed (or a complement) in M , if
N has no proper essential extension inM , i.e. NEK ≤M implies N = K. A module M is
said to be an extending module or a CS-module if every closed submodule of M is a direct
summand of M . R is a right CS ring if RR is CS. M is called (countably)
∑
-CS module
if every direct sum of (countably many) copies of M is CS, (see, for example, [9]). The∑
-CS rings were first introduced and termed as co-H-rings in [19]. Closed submodules
are neat by [27, Proposition 5]. By [12, Theorem 5], every neat submodule is closed if and
only if R is a right C-ring.
Theorem 3.5. Let R be a ring. The following are equivalent.
(1) Every neat-flat right R-module is projective.
(2) R is a right
∑
-CS ring.
Proof. (1) ⇒ (2) Let P be a projective R-module and N be a closed submodule of P .
Then N is a neat submodule of P . So that P/N is neat-flat by Lemma 3.1 and so P/N is
projective by (1). Therefore the sequence 0 → N → P → P/N → 0 splits, and so N is a
direct summand of P . Hence R is a
∑
-CS ring.
(2) ⇒ (1) Every right
∑
-CS ring is both right and left perfect by [19, Theorem 3.18].
Hence, R is a right C-ring by [2, Theorem 28.4]. Let M be a neat-flat right R-module.
Then there is a neat exact sequence E : 0 → K →֒ P → M → 0 with P projective
by Lemma 3.1. Since R is right C-ring, K is closed in P by [12, Theorem 5]. Hence the
sequence E splits by (2), and so M is projective. 
Theorem 3.6. Let R be a ring. The following are equivalent.
(1) Every finitely generated neat-flat right R-module is projective.
(2) R is a right C-ring and every finitely generated free right R-module is extending.
Proof. (1) ⇒ (2) Let I be an essential right ideal of R with Soc(R/I) = 0. Then
Hom(S,R/I) = 0 for each simple right R-module S and hence I is neat ideal of R. So R/I
is neat-flat by Lemma 3.1. But it is projective by (1), and so I is direct summand of R.
This is contradict with essentiality of I in R. So that R is a right C-ring.
Let F be a finitely generated free right R-module and K a closed submodule of F . Since
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every closed submodule is neat, F/K is neat-flat by Lemma 3.1. Then F/K is projective
by (1), and so K is a direct summand of F .
(2)⇒ (1) LetM be a finitely generated neat-flat right R-module. Then there is an exact
sequence 0 → Ker(f) →֒ F → M → 0 with F finitely generated free right R-module. By
Lemma 3.1 Ker(f) is neat submodule of F . Since R is C-ring, Ker(f) is closed submodule
of F by [12, Theorem 5]. Then 0→ Ker(f) →֒ F → M → 0 is a split exact sequence. So
M is projective. 
Following the proof of Theorem 3.6, we obtain the following corollary.
Corollary 3.7. Every cyclic neat-flat right R-module is projective if and only if R is both
right CS and right C-ring.
Remark 3.8. Let M be a right R-module. Then the socle series {Sα} of M is defined as:
S1 = Soc(M), Sα/Sα−1 = Soc(M/Sα−1), and for a limit ordinal α, Sα = ∪β<αSβ. Put
S = ∪{Sα}. Then, by construction M/S has zero socle. M is semiartinian (i.e. every
proper factor of M has a simple module) if and only if S = M (see, for example, [9]).
From the proof of Theorem 3.5, we see that the condition that, every free right R-module
is extending implies R is a right C-ring. In the following example we show that, if every
finitely generated free right R-module is extending, then R need not be a right C-ring.
Hence the right C-ring condition in 3.6 is necessary.
Example 3.9. Let R be the ring of all linear transformations (written on the left) of
an infinite dimensional vector space over a division ring. Then R is prime, regular, right
self-injective and Soc(RR) 6= 0 by [13, Theorem 9.12]. As R is a prime ring, Soc(RR) is an
essential ideal of RR. Let S be as in Remark 3.8, for M = R. Then S 6= R, by [7, Lemma
1(2)]. Since R/S has zero socle, S is a neat submodule of RR. On the other hand, S is
not a closed submodule of R, otherwise S would be a direct summand of R because R is
right self injective (i.e. extending). Therefore R is not a right C-ring. Also, as R is right
self injective Rn is injective, and so extending for every n ≥ 1.
4. Rings whose simple Right modules are finitely presented
In this section, we consider neat-flat modules over the rings whose simple right modules
are finitely presented. The reason for considering these rings is that, the Auslander-Bridger
tranpose of simple right R-modules is a finitely presented left R-module over such rings.
Definition 4.1. Let R be a ring and n a nonnegative integer. A right R-moduleM is called
n-presented if it has a finite n-presentation, i.e., there is an exact sequence Fn → Fn−1 →
. . . F1 → F0 →M → 0 in which every Fi, is a finitely generated free right R-module [6].
Lemma 4.2. [6, Lemma 2.7] Let R and S be rings, and n a fixed positive integer. Con-
sider the situation (RA,RBS, CS) with RA n-presented and CS injective. Then there is an
isomorphism
TorRn−1(HomS(B,C), A)
∼= HomS(Ext
n−1
R (A,B), C)
.
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Proposition 4.3. [10, Proof of Proposition 5.3.9.] Every R-module M is a pure submodule
of a pure injective R-module M++.
LetM be a rightR-module. M is called absolutely pure (or FP-injective) if Ext1(N,M) =
0 for any finitely presented right R-module N , i.e. M is a pure submodule of its injective
hull E(M). For any right R-module M , the character module M+ is a pure injective right
R-module, (see, [10, Proposition 5.3.7]).
Remark 4.4. Note that, if every simple right R-module is finitely presented, then every
pure submodule is neat. So that, in this case, any right flat R-module is neat-flat.
Using, Theorem 2.4, we obtain the following characterization of neat-flat modules.
Theorem 4.5. Let R be a ring such that every simple right R-module is finitely presented.
Then M is a neat-flat right R-module if and only if Tor1(M, Tr(S)) = 0 for each simple
right R-module S.
Proof. Let M be an R-module and E : 0 → K
f
→ F → M → 0 be a short exact sequence
with F projective. Let S be simple right R-module. Tensoring E by Tr(S) we get the
exact sequence
0 = Tor1(F, Tr(S))→ Tor1(M,Tr(S))→ K ⊗ Tr(S)
f⊗1Tr(S)
−→ F ⊗ Tr(S).
Now, suppose M is neat-flat. Then E is neat-exact by Lemma 3.1. So that f ⊗ 1Tr(S) is
monic, by Theorem 2.4. Hence Tor1(M,Tr(S)) = 0.
Conversely, suppose Tor1(M,Tr(S)) = 0 for each simple right R-module S. Then the
sequence 0→ K⊗Tr(S)→ F⊗Tr(S) is exact, and so the sequence 0→ K → F →M → 0
is neat-exact by Theorem 2.4. Then M is neat-flat by Lemma 3.1.

Corollary 4.6. Let R be a ring such that every simple right R-module is finitely presented
and M be an arbitrary R-module. If M is absolutely pure, then M+ is neat-flat.
Proof. Let S be a simple right R-module. By our assumption S is finitely presented,
and so Tr(S) is finitely presented R-module. Then Ext1(Tr(S),M) = 0, because M is
absolutely pure. We have, 0 = Ext1(Tr(S),M)+ ∼= Tor1(M
+, T r(S)) by Lemma 4.2.
Hence Tor1(M
+, T r(S)) = 0, and so M+ is neat-flat by Theorem 4.5. 
Corollary 4.7. Let R be a ring such that every simple R-module is finitely presented and
M be a right R-module. If M is injective, then M+ is neat-flat.
Lemma 4.8. Let R be a ring such that every simple R-module is finitely presented and M
be a right R-module. Then M is neat-flat if and only if M++ is neat-flat.
Proof. Let M be the set of all representatives of simple right R-modules. Suppose M
is a neat-flat R-module. Then there exists a neat-exact sequence E : 0 → K → F →
M → 0 with F projective by Lemma 3.1. By Theorem 2.4, E ∈ τ−1(Tr(M)). Then
E
+ ∈ π−1(Tr(M)) by Theorem 2.2, and so E+ ∈ τ−1(M) by Theorem 2.4. Again by
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Theorem 2.4 and Theorem 2.2 we have E++ : 0→ K++ → F++ →M++ → 0 ∈ π−1(M) =
τ−1(Tr(M)).
Since F is projective, F+ is injective by [24, Theorem 3.52]. Thus F++ is neat-flat by
Corollary 4.7. Then M++ is neat-flat, since E++ is neat exact, and neat-flat modules
closed under neat quotient by Lemma 3.1.
Conversely, suppose M++ is neat-flat. Since M is a pure submodule of M++ by Propo-
sition 4.3, M is neat-flat by Theorem 3.2 and Proposition 3.4. 
Definition 4.9. A right R-module M is called max-flat if Tor1R(M,R/I) = 0 for every
maximal left ideal I of R (see, [31]).
Note that a right R-module M is max-flat if and only if M+ is m-injective by the
standard isomorphism Ext1(S,M+) ∼= Tor1(M,S)
+ for all simple left R-module S.
Using the similar arguments of [31, Theorem 4.5], we can prove the following. The proof
is omitted.
Theorem 4.10. Let R be a ring such that every simple right R-module is finitely presented
and M be a right R-module. Then the followings are hold.
(1) M is an m-injective right R-module if and only if M+ is max-flat.
(2) M is an m-injective right R-module if and only if M++ is m-injective.
(3) M is a max-flat right R-module if and only if M++ is max-flat.
Proposition 4.11. [8, Theorem 3]The following are equivalent for a right R-module M :
(1) M is an m-injective R-module.
(2) Soc(E(M)/M) = 0.
Proposition 4.12. Assume that every neat-flat right R-module is flat. Then the following
are hold.
(1) Every m-injective right R-module is absolutely pure.
(2) For every right R-module M , M is max-flat if and only if M is flat.
Proof. (1) LetM be anm-injective right R-module. By Proposition 4.11, Soc(E(M)/M) =
0, and so E(M)/M is neat-flat. Then E(M)/M is flat by our hypothesis. Hence M is a
pure submodule of E(M), and so M is an absolutely pure module.
(2) Assume M is a max-flat right R-module. Then M+ is m-injective, and so it is
absolutely pure by (1). ButM+ pure injective by [10, Proposition 5.3.7], soM+ is injective.
Then M is flat by [24, Theorem 3.52]. The converse statement is clear.

Theorem 4.13. [5, Theorem 1] The following statements are equivalent:
(1) R is a right coherent ring.
(2) MR is absolutely pure if and only if M
+ is a flat module.
(3) MR is absolutely pure if and only if M
++ is an injective left R-module.
(4) RM is flat if and only if M
++ is a flat left R-module.
Proposition 4.14. Consider the following statements.
NEAT-FLAT MODULES 9
(1) Every neat-flat right R-module is flat, and every simple right R-module is finitely
presented.
(2) M is an m-injective right R-module if and only if M+ is a flat left R-module.
(3) R is a right coherent ring, and M is an m-injective right R-module if and only if
M is an absolutely pure right R-module.
Then (1)⇒ (2)⇔ (3).
Proof. (1) ⇒ (3) By Proposition 4.12(1), every m-injective right R-module is absolutely
pure. On the other hand, every absolutely pure right R-module is m-injective since every
simple right R-module is finitely presented by (1). Then, for every right R-module M , M
is absolutely pure if and only if M is m-injective, if and only if M+ is max-flat by Theorem
4.10(2), if and only if M+ is a flat module by Proposition 4.12(2). Hence R is a right
coherent ring by [5, Theorem 1]. This proves (3).
(2)⇒ (3) Let M be a left R-module. We claim that, M is a flat R-module if and only
if M++ is a flat module. If M is flat, then M+ is injective by [24, Theorem 3.52], and so
M++ is flat left R-module by (2). Conversely, if M++ is a flat module, then M is flat since
M is a pure submodule of M++ by Proposition 4.3 and flat modules are closed under pure
submodules (see, [14, Corollary 4.86]). So R is a right coherent ring by Theorem 4.13. The
last part of (3) follows by (2) and Theorem 4.13 again.
(3)⇒ (2) By Theorem 4.13. 
Proposition 4.15. Let R be a ring such that every simple right R-module is finitely pre-
sented. The following statements are equivalent:
(1) M is an absolutely pure left R-module if and only if Ext1R(Tr(S),M) = 0 for each
simple right R-module S.
(2) M is a flat right R-module if and only if M is a neat-flat R-module.
Proof. (1)⇒ (2) Let M be a neat-flat right R-module. Then Tor1(M, Tr(S)) = 0 for each
simple right R-module S by Theorem 4.5. By the standard adjoint isomorphism we have,
Ext1(Tr(S),M+) ∼= Tor1(M,Tr(S))
+ = 0. Then M+ is absolutely pure left R-module by
(1). But M+ pure injective, so M+ is injective. Then M is flat by [24, Theorem 3.52].
The converse is clear.
(2)⇒ (1) LetM be a R-module such that Ext1(Tr(S),M) = 0 for each simple R-module
S. Then, by Lemma 4.2, 0 = Ext1(Tr(S),M)+ = Tor1(M
+, T r(S)). So, M+ is neat-flat
by Theorem 4.5, and it is flat by (2). But R is right coherent by Proposition 4.14, so M is
absolutely pure by Theorem 4.13. The converse is clear.

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